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Data Assimilation

SCh ed UIe Framework

| Theory (45 min) |l Applications (15 min) [l Hands-on (45 min)

Kalman Filter Equations

X1 = F X+ Bug

Py = FP FT+Q
4= PleT(HP Hi+R) D‘q h

X=Xl I+Kk 2l A |) w
P = (T- KeH) Py
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POAF cee
Data Assimilation (DA) Framewor

Data assimilation (DA) is the science of combining observations of a
system, including their uncertainty, with estimates of that system from a
dynamical model, including its uncertainty, to obtain a new and more
accurate description of the system including an uncertainty estimate of that
description.

observation
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Data Assimilation
Framework

______model ________ observation

- idealized representation of a system + measurements of “reality”

+ complete coverage: often located on a grid or - Incomplete: sparse, discrete, data gaps,

mesh, high temporal and spatial resolution irregular sampling, missing state variables
- outliers

quantifiable systematic and random errors
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Data Assimilation

DA In Geo-science ek

HYDROLOGY EARTH’S INTERIOR
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Requirements for DA e

Framework

1. Model
« With some skill

2. Observations
« With finite errors
. Related to model fields

3. Data assimilation method
« Suitable for application
(complexity, nonlinearity)
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Dynamical System

The future state depends on the present state

PDAFParaIIeI

Data Assimilation
Framework

|

convergent

E.g., a pendulum with friction,
upper atmosphere

divergent

)

E.g., a ball running down a hill

7

chaotic

E.g., double pendulum, three
body problem, weather

s\
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What Data Assimilation Can Do e

Framework

Estimate the (optimal)
Initial state « State / State trajectory
* initial conditions

* Model Inputs

External I
Forcings Y

* |dentify bias

Boundar . Ny
! Updated state » Revise parametrization

Conditions Model

I
I
I
|
| Improve model formulation
I
I
I
I

|dentify relevant
observations

observations

Forecasted state Data Assimilation

[

I

I
l_
I

I
:— > Parameters —
I

I

I

I

I
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Linearized Operator: MS i
!
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Model Operator P A s

state model errors

! !
x(t) = Ms t(x(s)) +n(t)

I

model/forward operator: propagates state from time s to t

5’/\/15,t(x)
Ox
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Observation Operator D A ek

observations state observation errors

! ! !
y(t) = H (x(t)) + (1)

1

observation operator: maps state to observation

OH (x)
Ox x=x(t)
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» Adopted from Asch et al.
(2016)
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Data Assimilation
Framework

0
—4

Probability —2 ) 4 ,Cost”

x1

Estimation theory Optimal control theory
Maximization of probability density Minimization of cost function (e.g.
(minimization of variance) Gauss-Newton, conjugate gradient)
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Data Assimilation

Filter and SmOOther Framework

X inital state

state

time
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Data Assimilation
Framework

statistical variational

6 May 2026

(estimation) (optimization)

Kalman filter
Particle filter

Kalman smoother
Particle smoother
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3D VAR

4D VAR
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Data Assimilation

Kalman filter is optimal Framemnor

Optimal: state is unbiased and has minimal variance
Assumptions:
1. everything is Gaussian 2. model and observation 3. model errors are not

operator are linear correlated with state or
0.4 ; 0.0 0.5 observation errors

> .................. RO

_0 P_

S —10.0

003500 25 -5 0 5
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. . . Data Assimilation
Link to variational DA amework
Covariance
matrix of the
forecast
state forecast

Loy, e b
J(x) :i(x—x’f) (Pf) (x—xf>

1 T
—|——(Hx—y°) R (Hx—yo)

1 T T

observation operator Covariance observations
matrix of the
observations
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Kalman Filter A mework
1. Forecast/Prediction 2. Analysis/Update at time t,
State propagation State update
Xj = Wlj_1 iXj—1 T & Xpe = X k\ Yk kX

Propagation of error estimate

Propagation of error estimate

f T
P =Mi1iP7 1M1+ Qi1 P = (I — Kka)P;f

1. M and P explicitly required

with Kalman gain

—1
Ki = PLH{ (HPEH] + R

2. Linear Transformation

3. Scales poorly with the size of the problem
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Large Scale Models D R meion

State dimension: 106 - 10° Observations: 10° - 107

The covariance matrix of the model errors P is the limiting factor.

Memory consumption Matrix multiplication has How to get P?
increases quadratically complexity of O(n3)

LR
.
R
L

b AL}

OwE N
b

N N w W

£
o

colourbox

Kalman filter is often infeasible
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Ensemble Kalman Filters PDAFrarare

Data Assimilation
represent state and uncertainty by ensemble of model instances Framework

(Example: Estimate angle of a pendulum) -

— Ensemble member
— Ensemble mean

o Observation
/2 _F\ — Truth

angle ¢ / rad
o

(o]
=
-m/2
| | | | | |

time/s

ensemble matrix ensemble mean ensemble variance

X =[r1x9 -+ Tp) a’jleI Pf%nll(X—Y)(X—Y)T
- —
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1960

1970

1980

1990

2000

2010

2020
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The Zoo of Kalman Filters Dt Ao

[EnKF]

{stochastic EnKF|

KF -m stochastic filter

[ KF |— | |
|error sub space filter|

E@ |suboptima| scheme|
|square root filter]
Ensemble Filters
UKF
| [SEKK] EscE| [SEEK| [RRSQRT] [UKF]
Y Y __
[EnSRF] [ETKE]

Many efficient schemes were

—__ RHF ¥ developed- still high dimensions
HERKF] cause problems
MARHF
[MARHF] not complete
SC2.7 Getting Started with Data Assimilation: Theory and Application 25



Covariance Localization

PDAFParaIIeI

Data Assimilation

Framework
Multiply covariance matrix of forecasted ensemble
point wise with finite covariance function or exponential decay
1.0F true correlation e |ocalized sample correlation
S e sample correlation === localization
\\
c 05¢f s -
o R
- S
© L Th_ _
3 ,\ Q TV . .\ o
o 0.0F ) = - : -
g \ AR S S
\J
A
—0.5F 'Y i
1 ® 1 1 1 1 1
0 10 20 30 N 50
distance
Spurious!
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Domain Localization PDAFeraaie

Data Assimilation
Framework

« subdivide model into disjoint sub-domains
« update each sub-domain individually
taking only observations within specific distance into account

N
7N\

grid cell

7 ¢
X a
3x3 sub-domain b N
| %€ cut-off radius
. X
center of sub-domain —L—=..

‘ X

. X
X -
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Observation Localization

* implies domain localization

PDAFParaIIeI

Data Assimilation
Framework

* weigh observations of each subdomain with a (finite) covariance function

depending on distance

X

\>< .

L L]
XX

X
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Inflation

 True variance is always underestimated, due to
« small ensemble size
« sampling errors (unknown structure of P)
* model errors

Inflation = Increase error estimate for model

* Possibilities:
. Increase ensemble spread by constant factor
. Add some chosen variance
. Relax spread of analysis ensemble to value before
analysis update

* Needs to be experimentally tuned
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Data Assimilation
Framework

Ensemble values

before _
inflation inflated
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Co-Estimation of Model Parameters PDAFex

Data Assimilation

(Model Calibration) Fmeuon

1. augment state vector with model parameters
2. estimate parameters using observations of model fields

state

model parameters
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Il Applications
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Data Assimilation
Framework
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Soil moisture and water fluxes Et?,@sffm'.','

Framework
Observations Field scale hydrological model, Daily assimilation over 5 years
Free run Assimilation
3000 + 3000 +
Evapotranspiration §2°°°' E 20007
Improved
1000 1000 o .
o with DA
Large deviation . 0 |
H 0 500 1000 1500 0 500 1000 1500
antdh u ntcgialnty Time (day) Time (day)
withou
4000 1 4000 -
Potential 3000 -
€
groundwater g, |
recharge
In situ soil moisture S Rt A A s
sensor measuring 0 L4 | , , 0 L4 | , ,
volumetric water content S ety S ety
5-95% ensemble range  —— Ensemble mean of free run —— Ensemble mean of assimilation run —=—=- Observation
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Coupled ocean-atmosphere DA P DAF e

Framework
Global climate model, Daily assimilation over 1 year
Large deviations Lower deviations
over the ocean Free run Assimilatior with DA

and land

sea surface temperature
from satellite

Vs ?’1 WJ”’” ,q(“? T*?; N
‘i'h }W\_ (\j ",I" "'.’ = Al
‘:3' :: <k : -‘Y;*i"'e t\' ratar / A iéf*:x‘ Temperature, K Temperature, K
,“.\- . ,.;c o« ,f .?\ io-..m ._:“”‘_)}
\f,, "_,_-,.'_jji‘_‘&_';_ﬂ__,fb Average difference (model simulation - ERA-interim)
o of temperature at 2 m above sea surface
temperature & salinity _ _
, below surface — Better fit to independent data
“ o (in atmosphere and ocean)

Nerger et al. (2020): Efficient ensemble data assimilation for coupled models with the Parallel Data Assimilation Framework: example of AWI-CM, Geosci. Model Dev.
Tang et al. (2021): Strongly coupled data assimilation of ocean observations into an ocean-atmosphere model. Geophysical Research Letters
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Improving regional ocean predictions Ay i

Framework
Observations High-resolution model of physics and biology,
Daily assimilation over 4 months
65°N
Sea surface
temperature | Large deviation .
60°N |43 . 4 —— Freerun
from | without DA ~— — nalysis
satellites 10. —— Forecasts
55°N
__ 0.8
&
Qo6
g Improved
= A Improved - 0.4 € 3-week
Chlorophyll P 2K temperature forecasts
concentration ', with DA 02
from satellite ,@ S
Yo, oo L 1o°§ 0.0 Jan. " Feb.  March April ' May
' ) g
7 27 Root mean square error
GV~ PO of surface temperature over time
/ -.i ‘L.
Ao IR B Y o This work has received funding from the European Union’s Horizon 2020 35
10°E 15°E 20°E 25°E 30°E 10 research and innovation programme under grant agreement No 101004032. _
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Data Assimilation
Framework

Post-doc in Ocean Data Assimilation

at Q@ AN/

European project with 11 partners

Advance ensemble DA methods
Contribute to advance PDAF
Apply ensemble DA to real ocean model

https://jobs.awi.de/VVacancies/2168/Description/2

Application deadline: May 22

36
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Mass Density in the Upper Atmosphere DA e

Framework
Global model of the upper atmosphere,

Assimilation every minute over 1 month

Along-track mass density

le—14 . .
Overestimation
T 1 |
g 10 Corrected by DA
oY)
a8
c 0.5 7 ‘M m |~ | “
m ! ' N
o A WO &u Pl AL
. \j\.f\/\v &
0.0 ,
11 12
May 2024

—  Free run

ONERA
accelerometer

—— Assimilation run

—— QObservation
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ArCtIC Sea Ice Data AssimI?IatiltlmI

Framework

Sea ice model, neXtSIM with daily concentration
and weekly thickness assimilation

Free Run Lower deviations with DA

Nov 2019 / Nov 2019
CryoSat-2 et i _ )”‘r&/\“éﬂk

Advanced Microwave

Scanning Radiometer 2
(AMSR2)

Monthly difference between
forecast and observations
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Estimating Spatially Varying Ocean PDAFraale

Data Assimilation

Biogeochemical Process Parameters Framework

Mean surface chlorophyll concentration for 2019

Observations Simulation

=S 2 es:ss Shae

Ocean Colour in Spatially Varying Parameter Estimates with fixed
the North Sea patially varying parameter
Simulation

with spatially
resolved and

estimated
parameters
4.0 6.0 8.0 10
mmolNm=3d-1 )
Satellite
observations

Default parameter

Image: NASA Earth Observatory
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Global Ocean Biogeochemical Reanalysis ,',’Pl'\ff.t”'

. Framework
Zonally Averaged Air-Sea CO, Flux

75 T /{-,/ J’f.' — Reanalvsis
""""" i /) ‘::1 g
g .‘;_:__-.-é u— 7 Observations
60 — |
45 -
301

15

Outgassing

Latitude (°)
o

_15 4
-30
—-45
—-60
—=75 . — : . .
-4 -3 -2 -1 0 1 2
Resplandy et al., 2018 molC m~2 yr-1
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Il Hands On
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Data Assimilation
Framework
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A taste of DA on Lorenz 96 model Data Assimilation

Framework

« Hands on ensemble-based Kalman filter and 3DVar
Available on Google Colab:

~ O EGU2026ipynb % &
CO i https://tinyurl.com/egu26-da-sc

File Edit View Insert Runtime Tools Help

Q Commands + Code v + Text P Runall ~

Data assimilation short course practical P

Goal *eest s s

In this practical, you will s .; .f?f,:i
» explore and understand common data assimilation approaches and how to apply them gess o * .
» explore the effectiveness of data assimilation techniques using the idealised Lorenz 96 model . 830
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Refe re n CeS Data Assimilation

Framework

Asch, M, M. Bocquet, M. Nodet, Data Assimilation: Methods, Algorithms, and Applications, SIAM, 2017
Evensen, G., F. Vossepoel, P. J. van Leeuwen, Data Assimilation Fundamentals, Springer, 2022
Vetra-Carvalho, S., Van Leeuwen, P.J., Nerger, L., Barth, A., Altaf, M.U., Brasseur, P., Kirchgessner, P.

and Beckers, J.-M., State-of-the-art stochastic data assimilation methods for high-dimensional non-
Gaussian problems, Tellus A: Dynamic Meteorology and Oceanography, 70(1), 2018

[=] 3%, [=]

O T

pdaf.awi.de
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Memory Requirement D A amework

Dimension of
state vector

Required memory (double)

[~ .

X P
1 000 000 8 MB 8 TB
10 000 000 80 MB 800 TB
100 000 000 800 MB 80000 TB

Storing and multiplication of the
covariance matrix of the state
becomes too expensive

6 May 2026

Combined memory of best super
computer’ accumulates to 9 200 TB

CC BY 2.0 OLCF at ORNL (cropped)

TAccording to TOP500 List of Nov

023
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