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PDAF tutorial – Analysis step of 3D-Var

Implementation Tutorial for 3D-Var in PDAF

We discuss the implementation 
of the 3D-Var variants with PDAF

This bases on the tutorial for the implementation
of ensemble filters

The focus is on explaining the main code features

The example code is part of the PDAF source code package 
downloadable at http://pdaf.awi.de

(This tutorial is compatible with PDAF V2.3 and later)

http://pdaf.awi.de/
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Implementation Tutorial for PDAF online / serial model

This is just an example!

For the complete documentation of PDAF’s interface 

see the documentation 

at http://pdaf.awi.de
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Overview

The implementation of 3D-Var methods in PDAF follows 
R. Bannister, Q. J. Roy. Meteorol. Soc. 143 (2017) 607-633

3 variants
a) 3D-Var (with parameterized covariance matrix)
b) 3D Ensemble Var (using ensemble to represent covariances)
c) Hybrid 3D-Var (combining parameterized and ensemble covariances)

Variants involving an ensemble need to transform ensemble perturbations
The methods use the

• global ESTKF  or
• local LESTKF
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3D-Var

Overview
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3D-Var Method

Cost function at fixed time:

J(x) = (x� xb)TB�1(x� xb) + (y �H [x])TR�1(y �H [x])

3D-Var method:
At a given time minimize           iteratively or solve for 

    
J(x)

<latexit sha1_base64="GuBU5+rSkKosp1qLjiLU7lWlmXw=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG3FVwT6gHUomzbShmWRMMsUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywusn81pgqzaR4MJOY+hEeCBYygo2V/LtKN8JmGITp0/SsVyq7VXcGtEy8nJQhR71X+ur2JUkiKgzhWOuO58bGT7EyjHA6LXYTTWNMRnhAO5YKHFHtp7PQU3RqlT4KpbJPGDRTf2+kONJ6EgV2MouoF71M/M/rJCa88lMm4sRQQeaHwoQjI1HWAOozRYnhE0swUcxmRWSIFSbG9lS0JXiLX14mzfOqZ/n9Rbl2nddRgGM4gQp4cAk1uIU6NIDAIzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4AYJuR1Q==</latexit><latexit sha1_base64="GuBU5+rSkKosp1qLjiLU7lWlmXw=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG3FVwT6gHUomzbShmWRMMsUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywusn81pgqzaR4MJOY+hEeCBYygo2V/LtKN8JmGITp0/SsVyq7VXcGtEy8nJQhR71X+ur2JUkiKgzhWOuO58bGT7EyjHA6LXYTTWNMRnhAO5YKHFHtp7PQU3RqlT4KpbJPGDRTf2+kONJ6EgV2MouoF71M/M/rJCa88lMm4sRQQeaHwoQjI1HWAOozRYnhE0swUcxmRWSIFSbG9lS0JXiLX14mzfOqZ/n9Rbl2nddRgGM4gQp4cAk1uIU6NIDAIzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4AYJuR1Q==</latexit><latexit sha1_base64="GuBU5+rSkKosp1qLjiLU7lWlmXw=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG3FVwT6gHUomzbShmWRMMsUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywusn81pgqzaR4MJOY+hEeCBYygo2V/LtKN8JmGITp0/SsVyq7VXcGtEy8nJQhR71X+ur2JUkiKgzhWOuO58bGT7EyjHA6LXYTTWNMRnhAO5YKHFHtp7PQU3RqlT4KpbJPGDRTf2+kONJ6EgV2MouoF71M/M/rJCa88lMm4sRQQeaHwoQjI1HWAOozRYnhE0swUcxmRWSIFSbG9lS0JXiLX14mzfOqZ/n9Rbl2nddRgGM4gQp4cAk1uIU6NIDAIzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4AYJuR1Q==</latexit><latexit sha1_base64="GuBU5+rSkKosp1qLjiLU7lWlmXw=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIoMuiG3FVwT6gHUomzbShmWRMMsUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywusn81pgqzaR4MJOY+hEeCBYygo2V/LtKN8JmGITp0/SsVyq7VXcGtEy8nJQhR71X+ur2JUkiKgzhWOuO58bGT7EyjHA6LXYTTWNMRnhAO5YKHFHtp7PQU3RqlT4KpbJPGDRTf2+kONJ6EgV2MouoF71M/M/rJCa88lMm4sRQQeaHwoQjI1HWAOozRYnhE0swUcxmRWSIFSbG9lS0JXiLX14mzfOqZ/n9Rbl2nddRgGM4gQp4cAk1uIU6NIDAIzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4AYJuR1Q==</latexit>

Gradient provides direction for minimization

rxJ(x) = 2B�1(x� xb)� 2HT
R

�1(y �H[x])

<latexit sha1_base64="/ncPcNLLo6cp/rk2V20eTtvHLio="></latexit>

rxJ(x) = 0

<latexit sha1_base64="qgIwr/YCc0afynirpAaJzQEoRtc=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiRSUASh4EZcVbAPaEKYTCft0MkkzEzEEvIFbvwVNy4UcevanX/jpA2orQcGzpxzL/fe48eMSmVZX8bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trjy9zv3tHhKQRv1WTmLghGnIaUIyUljyz6nDkM+SlTojUyA/S+yyD17Wf3zG8gJZnVqy6NQVcJHZBKqBAyzM/nUGEk5BwhRmSsm9bsXJTJBTFjGRlJ5EkRniMhqSvKUchkW46PSeDVa0MYBAJ/biCU/V3R4pCKSehryvzNeW8l4v/ef1EBWduSnmcKMLxbFCQMKgimGcDB1QQrNhEE4QF1btCPEICYaUTLOsQ7PmTF0nnpG436o2bRqV5XsRRAofgCNSADU5BE1yBFmgDDB7AE3gBr8aj8Wy8Ge+z0iWj6DkAf2B8fAN8f5ux</latexit>

H: linearization of H 
(derivative of H at value x)

observation termbackground term



PDAF tutorial – Analysis step of 3D-Var

Use: (       will be small)

Replace the cost function by a quadratic cost function in terms of increments:

Incremental 3D-Var

Then we have

linearized H!

write
<latexit sha1_base64="VO5nZn1ZQKQ9TzaY1Md7DlCXhu4=">AAACFnicbVDLSsNAFJ3UV42vqEs3g0WooCURURGEgpsuK9gHtLFMJpN26OTBzEQMIT/hyk9xJSiIW8GVf+OkD9DWAwPnnnMvc+9xIkaFNM1vrbCwuLS8UlzV19Y3NreM7Z2mCGOOSQOHLORtBwnCaEAakkpG2hEnyHcYaTnD69xv3RMuaBjcyiQito/6AfUoRlJJPeOo6yM5cLzUzeAVnBZJBo9hrTwtH7K71MkOYc8omRVzBDhPrAkpgQnqPeOr64Y49kkgMUNCdCwzknaKuKSYkUzvxoJECA9Rn3QUDZBPhJ2OrsrggVJc6IVcvUDCkfp7IkW+EInvqM58TzHr5eJ/XieW3oWd0iCKJQnw+CMvZlCGMI8IupQTLFmiCMKcql0hHiCOsFRB6rpKwZq9eZ40TyrWWcW6OS1VLyd5FMEe2AdlYIFzUAU1UAcNgMEjeAav4E170l60d+1j3FrQJjO74A+0zx8X655z</latexit>

d = y �H(xb)
<latexit sha1_base64="2rvnrjb08UePnDAWkXTpX7ZlHaM=">AAACKHicbVDLSgMxFM3UV62vUZdugkVoEcqMiIqgFNx0WcE+oDOWTCbThmYyQ5IRy9C/ceWnuBIqSLd+ielDrK0HAueecy+593gxo1JZ1sjIrKyurW9kN3Nb2zu7e+b+QV1GicCkhiMWiaaHJGGUk5qiipFmLAgKPUYaXu9u7DeeiJA04g+qHxM3RB1OA4qR0lLbvK0UnBCprhekz4MivIHz9aNXhKfwp64MHOj4hCn029E281bJmgAuE3tG8mCGatscOn6Ek5BwhRmSsmVbsXJTJBTFjAxyTiJJjHAPdUhLU45CIt10cucAnmjFh0Ek9OMKTtT5iRSFUvZDT3eON5SL3lj8z2slKrhyU8rjRBGOpx8FCYMqguPQoE8FwYr1NUFYUL0rxF0kEFY62lxOp2Av3rxM6mcl+6Jk35/ny9ezPLLgCByDArDBJSiDCqiCGsDgBbyBIfgwXo1349MYTVszxmzmEPyB8fUN1CqlqQ==</latexit>

H(x) = H(xb) +H �x

<latexit sha1_base64="kglP782Rc4553r3YAZhW3HB76Rk=">AAACFnicbVDLSsNAFJ34rPEVdelmsAiCUhIRFUEouHFZwT6giWUymbRDJ5MwMxFL6E+48lNcCQriVnDl3zhpA9XWAwNnzrmXe+/xE0alsu1vY25+YXFpubRirq6tb2xaW9sNGacCkzqOWSxaPpKEUU7qiipGWokgKPIZafr9q9xv3hMhacxv1SAhXoS6nIYUI6WljnXkRkj1/DB7GMJLOPnc+fAQugFhCk3EjlW2K/YIcJY4BSmDArWO9eUGMU4jwhVmSMq2YyfKy5BQFDMyNN1UkgThPuqStqYcRUR62eiqIdzXSgDDWOjHFRypvzsyFEk5iHxdmW8op71c/M9rpyo89zLKk1QRjseDwpRBFcM8IhhQQbBiA00QFlTvCnEPCYSVDtI0dQrO9M2zpHFccU4rzs1JuXpR5FECu2APHAAHnIEquAY1UAcYPIJn8ArejCfjxXg3Psalc0bRswP+wPj8AUwsnzk=</latexit>

x = xb + �x

<latexit sha1_base64="Kq43aYoE1eukWsDtE2zVjIycoR8=">AAACMnicbVDLSsNAFJ3UV42vqEs3g0WoC0sioiIIRTfFVYW+oC8m00k7dPJgZiKWkF9y5Z/oRkFB3PoRTtoImnpg4Mw593LvPXbAqJCm+aLlFhaXllfyq/ra+sbmlrG90xB+yDGpY5/5vGUjQRj1SF1SyUgr4AS5NiNNe3yd+M07wgX1vZqcBKTroqFHHYqRVFLfqNwUOwPCJOq4SI5sJ7qPD+ElzGq9Gvz5XMW96MiKsxV9o2CWzCngPLFSUgApqn3jqTPwcegST2KGhGhbZiC7EeKSYkZivRMKEiA8RkPSVtRDLhHdaHpxDA+UMoCOz9XzJJyqvzsi5AoxcW1VmWwosl4i/ue1Q+mcdyPqBaEkHp4NckIGpQ+T+OCAcoIlmyiCMKdqV4hHiCMsVci6rlKwsjfPk8ZxyTotWbcnhfJFmkce7IF9UAQWOANlUAFVUAcYPIBn8AbetUftVfvQPmelOS3t2QV/oH19AyFPqxs=</latexit>

J(�x) = �xTB�1�x
<latexit sha1_base64="kguVq0zsdb2wkyKLnqTzcvV5B4Q=">AAACUHicjVFNSwMxEJ2tX3X9qnr0EixCRVp2RVQ8CV56VLG20G1LNputwewHSVYsy/5DT3ryb3gSFDRbW9HWgwMh772ZYSYvbsyZVJb1bBRmZufmF4qL5tLyyupaaX3jWkaJILRBIh6Jlosl5SykDcUUp61YUBy4nDbd27M837yjQrIovFKDmHYC3A+ZzwhWWuqV/D1UcQKsblw/rWeOR7nCY36foSoaEy/b7V59s8usm1bt7N+tvVLZqlnDQNPAHoEyjOK8V3pyvIgkAQ0V4VjKtm3FqpNioRjhNDOdRNIYk1vcp20NQxxQ2UmHfmRoRyse8iOhT6jQUP3ZkeJAykHg6sp8RTmZy8W/cu1E+cedlIVxomhIvgb5CUcqQrm5yGOCEsUHGmAimN4VkRssMFH6C0xTu2BPvnkaXO/X7MOafXFQPj0Z+VGELdiGCthwBKdQh3NoAIEHeIE3eDcejVfjo2B8lY5v2IRfUTA/ASiftNQ=</latexit>

+(H�x� d)TR�1(H�x� d)

<latexit sha1_base64="URdUrzniOACyV05h4maxsSN2eno=">AAAB+nicbVDLSsNAFJ34rPEVdelmsAiuSiKi4qrgxmUF+4A2lMlk0g6dTMLMTbHE/okrQUHc+ieu/BsnbRbaemDgcM693DMnSAXX4Lrf1srq2vrGZmXL3t7Z3dt3Dg5bOskUZU2aiER1AqKZ4JI1gYNgnVQxEgeCtYPRbeG3x0xpnsgHmKTMj8lA8ohTAkbqO04vZAJILyYwDKL8cdp3qm7NnQEvE68kVVSi0Xe+emFCs5hJoIJo3fXcFPycKOBUsKndyzRLCR2RAesaKknMtJ/Pkk/xqVFCHCXKPAl4pv7eyEms9SQOzGSRUC96hfif180guvZzLtMMmKTzQ1EmMCS4qAGHXDEKYmIIoYqbrJgOiSIUTFm2bVrwFv+8TFrnNe+y5t1fVOs3ZR8VdIxO0Bny0BWqozvUQE1E0Rg9o1f0Zj1ZL9a79TEfXbHKnSP0B9bnD5yAk/0=</latexit>

�x
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Control variable v with:

factorization                               L should be a simple matrix or 
covariance operator(s)

Use a change of variable 

➜ Mathematically: Preconditioning by matrix B

Control Vector Transformation

B ⇡ LLT

<latexit sha1_base64="WW2uTA5X+fCUQp9X+p7TdHchRQM=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiIFxVXRjYsuKvQFTSyT6aQdOpkJMxOxhG7d+CtuXCji1j9w5984aYNo64ELh3Pu5d57gphRpR3ny1paXlldWy9sFDe3tnd27b39lhKJxKSJBROyEyBFGOWkqalmpBNLgqKAkXYwusr89h2Rigre0OOY+BEacBpSjLSRejb0IqSHQZheTqCH4liK+x+pVpvcNnp2ySk7U8BF4uakBHLUe/an1xc4iQjXmCGluq4Taz9FUlPMyKToJYrECI/QgHQN5Sgiyk+nn0zgsVH6MBTSFNdwqv6eSFGk1DgKTGd2pJr3MvE/r5vo8NxPKY8TTTieLQoTBrWAWSywTyXBmo0NQVhScyvEQyQR1ia8ognBnX95kbROy26lXLmplKoXeRwFcAiOwAlwwRmogmtQB02AwQN4Ai/g1Xq0nq03633WumTlMwfgD6yPb4ysmjg=</latexit>

Modified cost function

<latexit sha1_base64="WEFsEN42rbhaYk1S3jSLlUhKHCs=">AAACEnicbVDLSsNAFJ34rPEVdelmsAhdlURERRAKbly4qGAf0IYymUzaoZNJmJkUS8gvuPJTXAkK4tadK//GSRtFWw8MnDnnXu69x4sZlcq2P42FxaXlldXSmrm+sbm1be3sNmWUCEwaOGKRaHtIEkY5aSiqGGnHgqDQY6TlDS9zvzUiQtKI36pxTNwQ9TkNKEZKSz2r0vUJU6gbIjXwgvQugxfw+3Od/dBR1rPKdtWeAM4TpyBlUKDesz66foSTkHCFGZKy49ixclMkFMWMZGY3kSRGeIj6pKMpRyGRbjq5KIOHWvFhEAn9uIIT9XdHikIpx6GnK/MN5ayXi/95nUQFZ25KeZwowvF0UJAwqCKYxwN9KghWbKwJwoLqXSEeIIGw0iGapk7Bmb15njSPqs5J1bk5LtfOizxKYB8cgApwwCmogStQBw2AwT14BM/gxXgwnoxX421aumAUPXvgD4z3L6RZndg=</latexit>

�x = Lv

<latexit sha1_base64="b1kDVIXTwsuVHaqFKZj/x+PdxlM="></latexit>

J̃(v) =
1

2
v
T
v +

1

2
(HLv � �d)TR�1(HLv � �d)

(Size of v and        usually different)
<latexit sha1_base64="URdUrzniOACyV05h4maxsSN2eno=">AAAB+nicbVDLSsNAFJ34rPEVdelmsAiuSiKi4qrgxmUF+4A2lMlk0g6dTMLMTbHE/okrQUHc+ieu/BsnbRbaemDgcM693DMnSAXX4Lrf1srq2vrGZmXL3t7Z3dt3Dg5bOskUZU2aiER1AqKZ4JI1gYNgnVQxEgeCtYPRbeG3x0xpnsgHmKTMj8lA8ohTAkbqO04vZAJILyYwDKL8cdp3qm7NnQEvE68kVVSi0Xe+emFCs5hJoIJo3fXcFPycKOBUsKndyzRLCR2RAesaKknMtJ/Pkk/xqVFCHCXKPAl4pv7eyEms9SQOzGSRUC96hfif180guvZzLtMMmKTzQ1EmMCS4qAGHXDEKYmIIoYqbrJgOiSIUTFm2bVrwFv+8TFrnNe+y5t1fVOs3ZR8VdIxO0Bny0BWqozvUQE1E0Rg9o1f0Zj1ZL9a79TEfXbHKnSP0B9bnD5yAk/0=</latexit>

�x
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1. Start with                   which implies

2. Compute background innovation

3. Iterations

Compute

Computation of cost function is analogous

and are only computed once

Implementing the minimizations 

<latexit sha1_base64="tNApzBYT+Mq2bsV4tE9Mw+RGLPg=">AAAB/nicbVDLSsNAFJ34rPEVHzs3g0VwVRIRFUEouHFZwT6gCWUyuWmHTh7MTMQaCn6KK0FB3PofrvwbJ20W2npg4HDOvdwzx085k8q2v42FxaXlldXKmrm+sbm1be3stmSSCQpNmvBEdHwigbMYmoopDp1UAIl8Dm1/eF347XsQkiXxnRql4EWkH7OQUaK01LP23QC4Im5E1MAP84cxvsJ2z6raNXsCPE+cklRRiUbP+nKDhGYRxIpyImXXsVPl5UQoRjmMTTeTkBI6JH3oahqTCKSXT9KP8ZFWAhwmQr9Y4Yn6eyMnkZSjyNeTRUo56xXif143U+GFl7M4zRTEdHoozDhWCS6qwAETQBUfaUKoYDorpgMiCFW6MNPULTizf54nrZOac1Zzbk+r9cuyjwo6QIfoGDnoHNXRDWqgJqLoET2jV/RmPBkvxrvxMR1dMMqdPfQHxucPU52U0g==</latexit>

�x = 0
<latexit sha1_base64="njf4swPwnpXAAMA6ra3f+b7zOqY=">AAACI3icbVDLSsNAFJ3UV62vqks3g0WoC0si4guEgpsuK9gHNDFMJpN2yOTBzEQsod/iyk9xJSioGxf+i5M2BW09MHDuOfcy9x4nZlRIXf/SCguLS8srxdXS2vrG5lZ5e6ctooRj0sIRi3jXQYIwGpKWpJKRbswJChxGOo5/nfmde8IFjcJbOYyJFaB+SD2KkVSSXb4wXcIkMgMkB46XuiPbh1cQTuthVh/Bhu1Xp9KDku6cQ2iXK3pNHwPOEyMnFZCjaZc/TDfCSUBCiRkSomfosbRSxCXFjIxKZiJIjLCP+qSnaIgCIqx0fOIIHijFhV7E1QslHKu/J1IUCDEMHNWZ7SlmvUz8z+sl0ju3UhrGiSQhnnzkJQzKCGZ5QZdygiUbKoIwp2pXiAeIIyxVqqWSSsGYvXmetI9rxmnNuDmp1C/zPIpgD+yDKjDAGaiDBmiCFsDgETyDV/CmPWkv2rv2OWktaPnMLvgD7fsHHLmjqw==</latexit>

�dk = yk �Hk(x
b
k)

<latexit sha1_base64="X74yEZ8gUg3MEJCcSlfQOGbPvIs="></latexit>

rJ̃(vi) = v
i + L

T
H

T
R

�1(HLv
i � �d)

<latexit sha1_base64="9bC85xyKXtqmsSx82b6OCRtJYJA=">AAACAHicbVDLSsNAFJ34rPEVFdy4GSyCi1ISERVBKLhxWcE+oA1hMpm0Q2cyYWYiltiNn+JKUBC3/oYr/8Zpm4W2HrhwOOde7r0nTBlV2nW/rYXFpeWV1dKavb6xubXt7Ow2lcgkJg0smJDtECnCaEIammpG2qkkiIeMtMLB9dhv3ROpqEju9DAlPke9hMYUI22kwNmn8Aq6FdhlkdCqAmmQc/QwCpyyW3UngPPEK0gZFKgHzlc3EjjjJNGYIaU6nptqP0dSU8zIyO5miqQID1CPdAxNECfKzyf3j+CRUSIYC2kq0XCi/p7IEVdqyEPTyZHuq1lvLP7ndTIdX/g5TdJMkwRPF8UZg1rAcRgwopJgzYaGICypuRXiPpIIaxOZbZsUvNmf50nzpOqdVb3b03LtssijBA7AITgGHjgHNXAD6qABMHgEz+AVvFlP1ov1bn1MWxesYmYP/IH1+QNqmpTL</latexit>

i = 0, . . . , imax

<latexit sha1_base64="0EwZjsOQ41cs9QPZovPwN49xZyY=">AAAB+nicbVDLSsNAFL2prxpfUZduBovgqiQiKoJQcOOygn1AG8tkOmmHTiZhZlIosX/iSlAQt/6JK//GSZuFth4YOJxzL/fMCRLOlHbdb6u0srq2vlHetLe2d3b3nP2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0W3ut8ZUKhaLBz1JqB/hgWAhI1gbqec43QjrYRBm4+mji26Q23MqbtWdAS0TryAVKFDvOV/dfkzSiApNOFaq47mJ9jMsNSOcTu1uqmiCyQgPaMdQgSOq/GyWfIpOjNJHYSzNExrN1N8bGY6UmkSBmcxzqkUvF//zOqkOr/yMiSTVVJD5oTDlSMcorwH1maRE84khmEhmsiIyxBITbcqybdOCt/jnZdI8q3oXVe/+vFK7LvoowxEcwyl4cAk1uIM6NIDAGJ7hFd6sJ+vFerc+5qMlq9g5hD+wPn8A0iSS0A==</latexit>

v0 = 0
Operation implemented as 
subroutine (as in EnKFs)

Each step for L and H implemented 
as subroutine (‘operation’)

Intermediate result 
is always a vector

Direct vector difference

Provided by subroutine (as in EnKFs)

<latexit sha1_base64="X74yEZ8gUg3MEJCcSlfQOGbPvIs="></latexit>

rJ̃(vi) = v
i + L

T
H

T
R

�1(HLv
i � �d)

<latexit sha1_base64="X74yEZ8gUg3MEJCcSlfQOGbPvIs="></latexit>

rJ̃(vi) = v
i + L

T
H

T
R

�1(HLv
i � �d)

Step-wise calculation 
of the terms
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5 variants of incremental 3D-Var:

➜ Difference in representation of B1/2

 3D-Var (parameterized covariances)

 Ensemble 3D-Var (ensemble covariances)                                  with

 ensemble transformation by global ETKF or localized LETKF

 hybrid 3D-Var (parameterized + ensemble covariances)

 ensemble transformation by global ETKF or localized LETKF

Implementations follow Bannister, QJRMS, 2017

➜ Incremental 3D-Var with control variable transform

Variational methods in PDAF

<latexit sha1_base64="JI49j9Np04rBYjna69oxHJA9yGQ=">AAACBHicdVDLSsNAFJ34rPEVdaebwSK4CkmRKoJQdOOiiwp9QRvLZDpph04mYWYilFBw5ae4EhTErT/hyr9x0qagogcGzpxzL/fe48eMSuU4n8bC4tLyymphzVzf2NzatnZ2mzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9LyR1eZ37ojQtKI19U4Jl6IBpwGFCOlpZ613w2RGvpBejmBF3D+qVYnt/WeVXRsZwro2KU5Kc+Im1tFkKPWsz66/QgnIeEKMyRlx3Vi5aVIKIoZmZjdRJIY4REakI6mHIVEeun0hgk80kofBpHQjys4Vb93pCiUchz6ujJbUv72MvEvr5Oo4MxLKY8TRTieDQoSBlUEs0BgnwqCFRtrgrCgeleIh0ggrHRspqlTmJ8K/yfNku2WbffmpFg5z/MogANwCI6BC05BBVyDGmgADO7BI3gGL8aD8WS8Gm+z0gUj79kDP2C8fwHchpda</latexit>

B = LLT

<latexit sha1_base64="u9l1DLjc97SgHBpeGOzPcJnkHQc=">AAACBHicdVDLSsNAFJ34rPEVdaebwSK4CkmRKoJQdOOyQl+0jWUynbRDJ5MwMxFKKLjyU1wJCuLWn3Dl3zhpU1DRAwNnzrmXe+/xY0alcpxPY2FxaXlltbBmrm9sbm1bO7sNGSUCkzqOWCRaPpKEUU7qiipGWrEgKPQZafqjq8xv3hEhacRrahwTL0QDTgOKkdJSz9rvhkgN/SC9nMALOP+025PbWs8qOrYzBXTs0pyUZ8TNrSLIUe1ZH91+hJOQcIUZkrLjOrHyUiQUxYxMzG4iSYzwCA1IR1OOQiK9dHrDBB5ppQ+DSOjHFZyq3ztSFEo5Dn1dmS0pf3uZ+JfXSVRw5qWUx4kiHM8GBQmDKoJZILBPBcGKjTVBWFC9K8RDJBBWOjbT1CnMT4X/k0bJdsu2e3NSrJzneRTAATgEx8AFp6ACrkEV1AEG9+ARPIMX48F4Ml6Nt1npgpH37IEfMN6/AAeDl3Y=</latexit>

B = ZZT

<latexit sha1_base64="lhvq7/hiitRtVsSVjT8uH8uEmrM=">AAACFnicdVDLSsNAFJ34rPEVdelmsAguSkiKVBGEohsXLir0hWksk+mkHTp5MDMRSuhPuPJTXAkK4lZw5d84aVPQogcGzj3nXube48WMCmlZX9rC4tLyymphTV/f2NzaNnZ2myJKOCYNHLGItz0kCKMhaUgqGWnHnKDAY6TlDS8zv3VPuKBRWJejmLgB6ofUpxhJJXWNUidAcuD56cUYnkNnVt2WrsfuXHlX7xpFy7QmgJZZnpHKlNi5VQQ5al3js9OLcBKQUGKGhHBsK5ZuirikmJGx3kkEiREeoj5xFA1RQISbTq4aw0Ol9KAfcfVCCSfqz4kUBUKMAk91ZmuKeS8T//KcRPqnbkrDOJEkxNOP/IRBGcEsItijnGDJRoogzKnaFeIB4ghLFaSuqxRmp8L/SbNs2hXTvjkuVs/yPApgHxyAI2CDE1AFV6AGGgCDB/AEXsCr9qg9a2/a+7R1Qctn9sAvaB/fD1KecA==</latexit>

B = [Z,L][Z,L]T

<latexit sha1_base64="xTDhqXXXGxbMsSJ1NP6RDDrhp7o="></latexit>

Z =
1

Ne � 1
(X�X)
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1a) Files for the Tutorial
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Tutorial implementations

Files are in the PDAF package

Directory: 

/tutorial/3dvar/

offline_2D_serial

online_2D_serialmodel

online_2D_parallelmodel

• Fully working implementations of user codes

• PDAF core files are in /src
Makefile refers to it and compiles the PDAF library 

• Only need to specify the compile settings (compiler, etc.) by 
environment variable PDAF_ARCH. Then compile with ‘make’.
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Code template files

Code template files in

/templates/3dvar/

• Set of files as add-on to other template files

• Focused on 3D-Var methods

• To use the template

• First copy files from e.g. online_2D_serialmodel

• Second copy files for 3D-Var overwriting some of the previously 
copied files
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PDAF library 

Directory: /src

• PDAF library is not part of the template
• PDAF is compiled separately as a library 

and linked when the assimilation program is compiled
• Makefile includes a compile step for the PDAF library
• One can also cd to /src and run ‘make’ there

(requires setting of PDAF_ARCH)
$PDAF_ARCH

• Environment variable to specify the compile specifications
• Definition files in /make.arch
• Define by, e.g.

setenv PDAF_ARCH linux_gfortran_openmpi (tcsh/csh)
export PDAF_ARCH=linux_gfortran_openmpi (bash)
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1b) The model and the forecast phase
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Model and Forecast Phase

Model
• identical to that used for the ensemble filters

➜ See tutorials on ensemble filters for details

Forecast phase
• Implementation of forecast phase is identical to that in ensemble filters 

➜ See tutorials on ensemble filters for details
➜ Particularity

• 3D-Var with parameterized covariances runs with ensemble size = 1
• 3D Ensemble Var and Hybrid 3D-Var run with full ensemble size

This tutorial does not not distinguish offline and online:
➜ analysis step essentially the same for both
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1c) init_PDAF
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init_pdaf.F90

Routine sets parameters for PDAF and calls PDAF_init to initialize the data assimilation:

Particular settings for 3D-Var methods (showing the default values):

1. filtertype = 200 ! all 3D-Var methods

2. subtype = 0 ! Select 3D-Var method:
!    (0) parameterized 3D-Var
!    (1) 3D Ensemble Var using LESTKF for ensemble update
!    (4) 3D Ensemble Var using ESTKF for ensemble update
!    (6) hybrid 3D-Var using LESTKF for ensemble update
!    (7) hybrid 3D-Var using ESTKF for ensemble update

3. type_opt = 1     ! Type of minimizer for 3DVar
!    (1) LBFGS, (2) CG+, (3) plain CG
!    (12) CG+ parallel, (13) plain CG parallel

4. dim_cvec = dim_ens ! dimension of control vector (parameterized part)

5. mcols_cvec_ens = 1 ! Multiplication factor for ensemble control vector 
! (to simulate localization) 

6. beta_3dvar = 0.5  ! Hybrid weight for hybrid 3D-Var 
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init_ens_pdaf.F90 and init_3dvar_pdaf.F90

Routines are called through PDAF_init

init_ens_pdaf.F90

• Contains the usual ensemble initialization

• Used with 3D Ensemble Var and hybrid 3D-Var

init_3dvar_pdaf.F90

• Initialization for 3D-Var with parameterized covariance matrix

• 3D-Var uses dim_ens = 1!

• Initialize single state vector

• Need to initialize covariance matrix information

• B1/2 is simulated by scaled ensemble perturbations at initial time
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assimilate_pdaf.F90

5 different calls to PDAF_assimilate_*

• different 3D-Var methods

• select according to subtype
(this selection is coded by the user, not done internally to DPAF because different 
variants of 3D-Var need different call-back routines)
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2a) 3D-Var

with parameterized covariance matrix
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Files particular or modified for 3D-Var

Template (templates/3dvar) contains required files for 3D-Var
 just need to be filled with functionality
 Use in combination with templates for ensemble filters

init_pdaf.F90

init_3dvar_pdaf.F90

prepoststep_3dvar_pdaf.F90

callback_obs_pdafomi.F90

obs_*_pdafomi.F90

cvt_pdaf.F90

cvt_ens_pdaf.F90

initialization

analysis step

post step

Control vector 
transformation
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3D-Var initialization and pre/poststep

Parameterized 3D-Var

• run with dim_ens=1

• Set dimension of control vector by dim_cvec (in init_pdaf)

Initialization:
init_3dvar_pdaf.F90

• fill initial state estimate - as ens_p(:,1)

• initialize matrix B1/2 from initial ensemble - array Vmat

Prepoststep:

prepostep_3dvar_pdaf.F90

• Adaption of prepoststep_ens_pdaf for dim_ens=1
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callback_obs_pdafomi.F90

Observation handling with PDAF-OMI – calling observation modules

Need 2 additional routines (compared to ensemble filters):

obs_op_lin_pdafomi

obs_op_adj_pdafomi

obs_op_lin_pdafomi

• linearized observation operator (forward: y = H x)

• same calling interface as obs_op_pdafomi

• in tutorial examples identical to obs_op_pdafomi since full operator is linear 

obs_op_adj_pdafomi

• adjoint operation: x = HT y
• calling interface swaps x and y (state_p and ostate)
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obs_*_pdafomi.F90

PDAF-OMI observation modules
Need 2 additional routines (compared to ensemble filters):

obs_op_lin_OBSTYPE with OBSTYPE=A, B, or C

obs_op_adj_OBSTYPE

obs_op_lin_OBSTYPE

• Not present in example since full operator (obs_op_OBSTYPE) is linear

• obs_op_lin_pdafomi in callback_obs_pdafomi directly calls obs_op_OBSTYPE

obs_op_adj_OBSTYPE

• Additional routine

• Just call adjoint observation operator provided by PDAF-OMI:

PDAFomi_obs_op_adj_gridpoint for OBSTYPE=A or B

PDAFomi_obs_op_adj_interp_lin for OBSTYPE=C
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cvt_pdaf.F90

Control vector transformation: x = L v

input: control vector v – in example codes: vector v_p

output: state vector x – in example codes: vector Vv_p

Required operation

• Multiply control vector with square root L of covariance matrix

• L was initialized in init_3dvar_pdaf (variable name Vmat_p)

➜ use direct multiplication Vv_p = Vmap_p v_p

Note:

Real cases usually more complicated:

➜ L could involve balance operations, distributions of increments over different variables, 
use of decorrelation lengths, use of EOFs, etc.

➜ Would be implemented in form of covariance operators



PDAF tutorial – Analysis step of 3D-Var

cvt_adj_pdaf.F90

Adjoint control vector transformation: v = LT x

input: state vector x – in example codes: vector Vv_p

output: control vector v – in example codes: vector v_p

Required operation

• Multiply state vector with adjoint of square root L of covariance matrix (usually LT)

• L was initialized in init_3dvar_pdaf (variable name Vmat_p)

➜ Use direct multiplication v_p = Vmat_pT Vv_p
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Running 3D-Var – options for call to PDAF_init

Choose the type of 3D-Var (variable subtype)
• 0 parameterized 3D-Var
• 1 ensemble 3D-Var using local LESTKF for ensemble transformation
• 4 ensemble 3D-Var using global ESTKF for ensemble transformation
• 6 hybrid 3D-Var using local LESTKF for ensemble transformation
• 7 hybrid 3D-Var using global ESTKF for ensemble transformation

Choose type of optimizer (variable type_opt)
• 1 LBFGS
• 2 CG+
• 3 plain CG
• 12 CG+ parallelized (decomposed control vector)
• 13 plain CG parallelized (decomposed control vector)

Set length of control vector (number of columns in covariance operator)
• dim_cvec for 3D-Var cases 0, 6, or 7
• dim_ens for 3D-Var cases 1, 6, or 7

Set hybrid weight of hybrid 3D-Var 
• beta_3dvar between 1=ensemble and 0=parameterized 3D-Var
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Running 3D-Var 

In offline_2D_serial:
Run 3D-Var with CG+ solver, size of control vector =4:
./PDAF_offline -dim_ens 1 -filtertype 200 -type_3dvar 0 -type_opt 2 -dim_cvec 4

Note: The result is almost identical to running the ESTKF in /tutorial/offline_2D_serial/ with
‘./PDAF_offline -dim_ens 4 - filtertype 6’  (same problem is solved with different methods)

In online_2D_serialmodel:
Run 3D-Var with LBFGS solver, size of control vector =4:
./model_pdaf -dim_ens 1 -filtertype 200 -subtype 0 -type_opt 1 -dim_cvec 4

The result differs from ESTKF in /tutorial/online_2D_serialmodel/ 
because of ensemble integration (and LBFGS solver)

(Depending on your MPI library you might need ‘mpirun –np 1’ to run these cases)
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2b) 3D Ensemble Var

use ensemble covariance matrix



PDAF tutorial – Analysis step of 3D-Var

init_pdaf.F90

callback_obs_pdafomi.F90

obs_*_pdafomi.F90

cvt_ens_pdaf.F90

cvt_adj_ens_pdaf.F90

Files particular or modified for 3D Ensemble Var

initialization

analysis step

control vector 
transformation
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3D Ensemble Var initialization in init_pdaf

Ensemble 3D-Var

run with actual ensemble of size dim_ens>1

• Call to PDAF_init needs specification of size of control vector 
(dim_cvec_ens or filter_param_i(5))

• Determine dim_cvec_ens as

• dim_cvec_ens = dim_ens * mcols_cvec_ens

• mcols_cvec_ens is motivated from localization:
• Without localization: dim_ens columns of ensemble perturbations
• With localization: append column sets of each dim_ens columns
• Each set of dim_ens columns is tapered differently

• In tutorial: No localization applied, but multiple sets of dim_ens columns are supported

• Note: dim_cvec_ens can be freely chosen, not necessarily based on mcols_cvec_ens
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callback_obs_pdafomi.F90

Observation handling with PDAF-OMI – calling observation modules

Need 2 additional routines (compared to ensemble filters):

obs_op_lin_pdafomi

obs_op_adj_pdafomi

obs_op_lin_pdafomi

• linearized observation operator (forward: y = H x)

• same calling interface as obs_op_pdafomi

• in tutorial examples identical to obs_op_pdafomi since full operator is linear 

obs_op_adj_pdafomi

• adjoint operation: x = HT y
• calling interface swaps x and y (state_p and ostate)

Identical to 
3D-Var
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obs_*_pdafomi.F90

PDAF-OMI observation modules
Need 2 additional routines (compared to ensemble filters):

obs_op_lin_OBSTYPE with OBSTYPE=A, B, or C

obs_op_adj_OBSTYPE

obs_op_lin_OBSTYPE

• Not present in example since full operator (obs_op_OBSTYPE) is linear

• obs_op_lin_pdafomi in callback_obs_pdafomi directly calls obs_op_OBSTYPE

obs_op_adj_OBSTYPE

• Additional routine

• Just call adjoint observation operator provided by PDAF-OMI:

PDAFomi_obs_op_adj_gridpoint for OBSTYPE=A or B

PDAFomi_obs_op_adj_interp_lin for OBSTYPE=C

Identical to 
3D-Var
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cvt_ens_pdaf.F90

Control vector transformation with ensemble information: x = Z v

input: Control vector  v_p

output: state vector  Vv_p

Required operation

• Multiply control vector with square root Z of ensemble covariance matrix

• At beginning of iterations: Initialize Z for use in all iterations (array Vmat_ens_p)

• During iterative optimization:

➜ use direct multiplication Vv_p = Vmat_ens_p v_p

Note:

Real cases are usually more complicated:

➜ Z would include localization, e.g. by multiple sets of columns and tapering

➜ Variable mcols_cvec_ens prepares for this; but no localization implemented
(columns are just reproduced without tapering)

Different from 
3D-Var
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cvt_adj_ens pdaf.F90

Adjoint control vector transformation with ensemble information: v = ZT x

input: state vector  Vv_p

output: control vector  v_p

Required operation

• Multiply state vector with adjoint of square root Z of covariance matrix (usually ZT)
• Z was initialized in cvt_ens_pdaf (variable name Vmat_ens_p)

➜ Use direct multiplication v_p = Vmat_ens_pT Vv_p

Different from 
3D-Var
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Filter analysis step to transform ensemble perturbations

• 3D-Var part only computed analysis state vector

• Ensemble perturbations are transformed by ensemble filter (ESTKF or LESTKF)

➜all user routines for ESTKF(global) or LESTKF (localized) 
need to be implemented

➜Recommendation: to first implement and test analysis for ETKF/LESTKF 
before use in Ensemble or Hybrid 3D-Vars
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Running 3D Ensemble Var 

In offline_2D_serial:
Run ensemble 3D-Var/LESKTF with LBFGS, size of control vector (ensemble) =4:
./PDAF_offline -dim_ens 4 -filtertype 200 -type_3dvar 1 -type_opt 1

Run ensemble 3D-Var/ESTKF with CG+, size of control vector (ensemble) =4:
./PDAF_offline -dim_ens 4 -filtertype 200 -type_3dvar 4 -type_opt 2

In online_2D_serialmodel:
Run ensemble 3D-Var/ESKTF with CG+, size of control vector (ensemble) =4;
mpirun -np 4 ./model_pdaf -dim_ens 4 -filtertype 200 -subtype 4 -type_opt 2

State estimate at step 02 is almost identical to running the ESTKF in 
/tutorial/online_2D_serialmodel/     with   ‘mpirun –np 4 ./model_pdaf -dim_ens 4 - filtertype 6’
(Note: 3D-Var/LESTKF only uses localization to update ensemble perturbations, not state) 

(Depending on your MPI library you might need ‘mpirun –np 1’ in offline_2D_serial)
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2c) Hybrid 3D-Var

Combine ensemble and parameterized 
covariance matrix
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Files particular or modified for hybrid 3D-Var

init_pdaf.F90

init_ens_pdaf.F90

callback_obs_pdafomi.F90

obs_*_pdafomi.F90

cvt_pdaf.F90

cvt_ens_pdaf.F90

cvt_adj_pdaf.F90

cvt_adj_ens_pdaf.F90

initialization

analysis step

control vector 
transformation
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Hybrid 3D-Var initialization in init_pdaf

Hybrid 3D-Var

• run with actual ensemble of size dim_ens>1

• represent square root by combination of ensemble and parameterized covariances: B1/2 = [L Z]

• Call to PDAF_init needs specification of size of control vector 
(dim_cvec & dim_cvec_ens or filter_param_i(4) & filter_param_i(5))

• Determine dim_cvec_ens as in 3D Ensemble Var to allow for localization

• Notes: 

• Hybrid 3D-Var implementation of PDAF strictly separates parameterized and ensemble 
covariance parts

• cvt_pdaf/cvt_adj_pdaf and cvt_ens_pdaf/cvt_adj_ens_pdaf are all used

• Separation might be too restrictive if aim is to mix ensemble information into parameterized 
part

➜ Flexible combinations possible with 3D Ensemble Var using
cvt_ens_pdaf/cvt_adj_ens_pdaf for combined operations 
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Hybrid 3D-Var initialization and pre/poststep

Initialization:

init_ens_pdaf.F90

• Usual ensemble initialization for dim_ens

• In addition:

• Initialize square root of parameterized background covariance matrix (Vmat_p)

• Same initialization as in init_3dvar_pdaf.F90

Prepoststep:

prepostep_ens_pdaf.F90

• Identical to routine for ensemble filters!
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callback_obs_pdafomi.F90

Observation handling with PDAF-OMI – calling observation modules

Need 2 additional routines (compared to ensemble filters):

obs_op_lin_pdafomi

obs_op_adj_pdafomi

obs_op_lin_pdafomi

• linearized observation operator (forward: y = H x)

• same calling interface as obs_op_pdafomi

• in tutorial examples identical to obs_op_pdafomi since full operator is linear 

obs_op_adj_pdafomi

• adjoint operation: x = HT y
• calling interface swaps x and y (state_p and ostate)

Identical to 
3D-Var
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obs_*_pdafomi.F90

PDAF-OMI observation modules
Need 2 additional routines (compared to ensemble filters):

obs_op_lin_OBSTYPE with OBSTYPE=A, B, or C

obs_op_adj_OBSTYPE

obs_op_lin_OBSTYPE

• Not present in example since full operator (obs_op_OBSTYPE) is linear

• obs_op_lin_pdafomi in callback_obs_pdafomi directly calls obs_op_OBSTYPE

obs_op_adj_OBSTYPE

• Additional routine

• Just call adjoint observation operator provided by PDAF-OMI:

PDAFomi_obs_op_adj_gridpoint for OBSTYPE=A or B

PDAFomi_obs_op_adj_interp_lin for OBSTYPE=C

Identical to 
3D-Var
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cvt_pdaf.F90

Control vector transformation: x = L v

input: control vector v – in example codes: vector v_p

output: state vector x – in example codes: vector Vv_p

Required operation

• Multiply control vector with square root L of covariance matrix

• L was initialized in init_3dvar_pdaf (variable name Vmat_p)

➜ use direct multiplication Vv_p = Vmap_p v_p

Note:

Real cases usually more complicated:

➜ L could involve balance operations, distributions of increments over different variables, 
use of decorrelation lengths, use of EOFs, etc.

➜ Would be implemented in form of covariance operators

Identical to 
3D-Var
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cvt_adj_pdaf.F90

Adjoint control vector transformation: v = LT x

input: state vector x – in example codes: vector Vv_p

output: control vector v – in example codes: vector v_p

Required operation

• Multiply state vector with adjoint of square root L of covariance matrix (usually LT)

• L was initialized in init_3dvar_pdaf (variable name Vmat_p)

➜ Use direct multiplication v_p = Vmat_pT Vv_p

Identical to 
3D-Var
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cvt_ens_pdaf.F90

Control vector transformation with ensemble information: x = Z v

input: Control vector  v_p

output: state vector  Vv_p

Required operation

• Multiply control vector with square root Z of ensemble covariance matrix

• At beginning of iterations: Initialize Z for use in all iterations (array Vmat_ens_p)

• During iterative optimization:

➜ use direct multiplication Vv_p = Vmat_ens_p v_p

Note:

Real cases are usually more complicated:

➜ Z would include localization, e.g. by multiple sets of columns and tapering

➜ Variable mcols_cvec_ens prepares for this; but no localization implemented
(columns are just reproduced without tapering)

Identical to 
3D Ens Var
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cvt_adj_ens pdaf.F90

Adjoint control vector transformation with ensemble information: v = ZT x

input: state vector  Vv_p

output: control vector  v_p

Required operation

• Multiply state vector with adjoint of square root Z of covariance matrix (usually ZT)
• Z was initialized in cvt_ens_pdaf (variable name Vmat_ens_p)

➜ Use direct multiplication v_p = Vmat_ens_pT Vv_p

Identical to 
3D Ens Var
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Running Hybrid 3D-Var 

In offline_2D_serial:
Run hybrid 3D-Var/LESTKF with CG+, 
size of control vector 8: ensemble part =4 and parameterized part =4:
./PDAF_offline -filtertype 200 -type_3dvar 6 -type_opt 2 -dim_ens 4 -dim_cvec 4

Need to specify both dim_ens and dim_cvec!

In online_2D_serialmodel:
Run ensemble 3D-Var/LESKTF with LBFGS,
size of control vector 8: ensemble part =4 and parameterized part =4:
mpirun -np 4 ./model_pdaf -filtertype 200 -subtype 6 -type_opt 1 \

-dim_ens 4 -dim_cvec 4 –beta_3dvar 0.7

beta_3dvar: determines hybrid weight (here 70% for ensemble/30% for parameterized)

(Depending on your MPI library you might need ‘mpirun –np 1’ in offline_2D_serial)
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3) Parallelization of 3D-Var analysis

online_2D_parallelmodel
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Parallelization: decompose state vector and covariances

Handling of domain decomposed state vectors
• State vector follows domain decomposition

• Ensemble decomposed according to domain decomposition

• Thus also L is decomposed (each process holds dim_p rows)

➜ Adjoint operation v = LT x results in incomplete sums

➜ Need global sum over all processors

• Implementation in cvt_adj_pdaf/cvt_adj_ens_pdaf:

1. Apply multiplication for process-local part getting partial sum

2. Apply MPI_Allreduce to obtain vector v holding global sums
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Parallelization: decomposed control vectors

Handling of decomposed control vector
• Use type_opt=12 or type_opt=13

➜ parallelized solvers using decomposed control vectors

• Now v is decomposed

• Forward control vector transformation x = L v results in incomplete sums

• Implemention in cvt_pdaf/cvt_ens_pdaf: 

1. first gather the global vector v

2. multiply for process-local rows of x

• Result of adjoint operation v = LT x: only some rows of v required on a process

• Implementation in cvt_adj_pdaf/cvt_adj_ens_pdaf: 

1. apply MPI_Allreduce (for incomplete sum if x and L are decomposed)

2. then select process-specific part of v
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The End!

Tutorial described example implementations 

• Online mode of PDAF parallelized over ensemble members

• Simple 2D model without parallelization and with OpenMP parallelization

• Implementation supports different 3D-Var methods

• Parameterized, ensemble, hybrid

• Ensemble transformation with global and localized filters

• Extension to more realistic cases possible with limited coding

• Applicable also for large-scale problems 

For full documentation of PDAF 
and the user-implemented routines 

see http://pdaf.awi.de


